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Abstract
Solar insolation at the poles is the driving force in Mars' seasonal climatic cycle.
Mars' obliquity has varied greatly in the geologically recent past and this would have
had a profound effect on the past climate. Previous studies have always assumed
a spherical planet when calculating insolation. This study uses a geodetic elevation
model (GEM) of the elevation data from the Mars Orbiter Laser Altimeter, to provide
accurate insolation calculations. This method takes into account the long and short-
wavelength topography, the planetary curvature, and the planetary flattening. This
paper outlines the design and implementation of a GEM, and presents insolation
calculations for Mar's north polar cap for obliquities of 150, 250 and 450. This study
found that the elevation of the northern ice cap above the surroundings results in the
ice cap having more days of sunlight than previously thought.
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Introduction
Solar insolation levels at the Martian polar caps bear significantly on the seasonal and
climatic cycling of volatiles on that planet (Leighton and Murray 1966). In the northern
hemisphere, the Martian surface slopes downhill from the equator to the pole (Smith et al.
1999, Zuber et al. 1998) such that the north polar cap is situated in a 5-kilometer deep
hemispheric-scale depression. The northern ice cap rises 3-kilometers above the
immediate surroundings. This topographic setting plays an important role in the
insolation of the northern polar cap. Elevations measured by the Mars Orbiter Laser
Altimeter (MOLA) provide comprehensive, high-accuracy topographical information
required to precisely determine polar insolation (Zuber et al. 1992). A subset of the
MOLA data was used for this study, approximately seventy million data points covering
the entire planet. This provided sufficient coverage of the north pole for the model
resolution used in this study. Planetary curvature impacts polar insolation, but traditional
elevation models do not account for it. New models are required that can adequately
represent curvature. The geodetic elevation model (GEM) is one such model. There are
many ways to use the MOLA data to calculate Martian insolation. The GEM was chosen
because it is fast, accurate and robust. The GEM accounts for short and long-wavelength
topography, planetary curvature and planetary flattening. This thesis describes one
approach to developing a GEM, and presents the preliminary modeling results of the
north polar insolation.
The next section provides some background information on past research on the Martian
climate. This is followed by a lengthy section on GEMs, with the goal of providing
sufficiently detailed information so that other researchers can develop their own GEMs. I
then present the preliminary polar insolation results. Afterwards I discuss the areas of
future work in which the GEM could be used. Finally, I present my conclusions on the
GEM and the polar insolation results.
Background
Images from the Viking and Mariner orbiters indicate that the size of the poles vary on a
seasonal basis (Bass et al. 2000). This is caused by exchanges of H20 and CO2 gas
between the north and south poles. As the poles heat up during their respective summers,
water and carbon dioxide sublime into the atmosphere. These volatiles are transported
through the atmosphere and are eventually adsorbed into the regolith or condensed on to
the opposite pole (Jakosky-2 1983). This exchange is insolation-driven (Clifford 1993).
The key factor affecting insolation is the obliquity of Mars. Research has found that the
obliquity has varied greatly in the past 10 million years (Wisdom and Touma 1993). The
obliquity ranged from a high of 450 to a low of 150. The present day obliquity is
approximately 25'. The obliquity was found to be chaotic for periods longer than 10
million years. Almost all climatic models of Mars focus on the effect that the varying
obliquity has on the volatile exchange.
In 1974, W. R. Ward calculated analytically the insolation at different latitudes for
obliquities ranging from 150 to 350 . His calculations were based on a spherical planet.
He did not take into account the topography of the planet. He found a 100% increase in
insolation at the poles when the obliquity went from 150 to 350 (Ward 1974).
In 1985, Van Hemelrijck looked at the effect of global dust storms on insolation (Van
Hemelrijck 1985). He found that when the optical depth of the dust was 3.0 the
insolation at the poles decreased by a factor of 3000. His model also assumed a spherical
planet.
In 1990, a study was done that looked at seasonal and diurnal variations in solar radiation
(Francois et al. 1990). They found that diurnal changes in insolation had significant
climatological effects and could not be ignored. Again, this model assumed a spherical
Mars.
In 2000, Larsen and Dahl-Jensen looked at the interior temperatures of the northern polar
cap (Larsen and Dahl-Jensen 2000). One of the parameters in their models was the
thickness of the ice cap; they used the MOLA data to estimate a range for this parameter.
However, when calculating the insolation at the pole they assumed a spherical shape.
They found that the ice in cap is flowing, and that the rate of flow lags behind the
obliquity oscillations.
Everyone agrees that insolation is the driving force in Mars' climate. Up until now, we
have had neither the data nor the models necessary to evaluate the effect that short and
long-wavelength topography has on insolation. This thesis will show that, for the north
pole at least, this effect is significant.
GEMs and DEMs
Typically, digital elevation models (DEM) are used to create topographical maps. DEMs
are good for small areas where the curvature of the planet can be ignored, but when
curvature is important a different type of model, such as a GEM, becomes necessary.
This section starts with a brief overview of DEMs, this is followed by an in depth
discussion on the design and implementation of GEMs.
Digital Elevation Model (DEM)
DEMs use a two-dimensional matrix to represent topography. The indices of the matrix
correspond to positional coordinates, typically in some standard mapping units, such as
latitude and longitude. The value of each element in the matrix is the elevation of the
terrain at the specified coordinates. To convert the matrix into a three-dimensional image
we first create a flat grid, where each vertex in the grid corresponds to an element in the
matrix. We then draw diagonals through each square in the grid. Now we have a set of
triangles, where the corners of each triangle correspond to matrix elements (Figure 1).
The x-y coordinates of each triangle vertex are computed based on the indices of the
DEM matrix. To add a third dimension to the image we set the z coordinate of each
vertex to the value of the matrix element that corresponds to that vertex (Figure 2). We
have converted our original matrix into a set of triangles in three-dimensional space that
represent the topography. Triangles are used because they are the basic shape in most
graphical rendering systems. By basing the model on triangles, it will be fairly simple to
render the image.
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Figure 1 - Initial steps of turning a DEM into a topographical image. First, we start with a 2-
dimensional grid, where every vertex corresponds to an element in the DEM matrix. Then the
triangles in the grid are divided into triangles by drawing lines down the diagonals.
Figure 2 - Final step of turning a DEM into a topographical image. We raise each vertex up to the
elevation value specified in the DEM matrix.
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The DEM is based on a flat two-dimensional matrix, so it ignores the curvature of the
planet. One technique that is used to overcome this is to project the DEM onto a sphere
(Figure 3). The problem with projecting onto a sphere is that planets are not spherical, so
this is only a first order approximation of the curvature.
Figure 3 - Orthographic projection of MOLA topographical data onto a sphere.
Geodetic Elevation Model
I developed the GEM in order to overcome the failings of the DEM. The first step was to
choose a spherical grid with grid elements of relatively constant size. I picked a grid
based on Buckminster Fuller's geodesic spheres (Baldwin 1996). This is a geometric
shape, with triangular faces, that approximates a sphere. The first order geodesic is
simply an icosahedron, which is a 20-sided platonic solid. Splitting each triangle into
four smaller triangles create higher order geodesics (Figure 4). Better approximations to
a true sphere are achieved with higher order geodesics. This geodesic grid is used as the
basis of the GEM.
Figure 4 - Five orders of geodesics showing increasingly higher resolutions.
Once the grid was chosen, the next step was to find a way to incorporate the MOLA data
into the grid. The data consists of longitude, latitude and radius values for points on the
surface of Mars. Each point needs to be associated with one of the triangles on the
geodesic. This is done by drawing a line from the center of the planet through each data
point on the surface. The data point is then associated with the triangle on the geodesic
that the line intersects. The radius values of all of the data points are then averaged into
the vertices of the associated triangles. Finally, the radii of the vertices of the geodesic
are set to this new averaged value. This produces a three-dimensional shape that
represents the surface of Mars. The color of the triangles can be set based on the distance
from the origin, thus producing a false color elevation model (Figure 5).
Figure 5 - Two false color images showing Mars during the northern winter solstice. Created using
the GEM of the MOLA data.
A common perception is that a spherical grid will cause spherical distortion of the model.
Figure 6 shows an ellipsoid modeled with a GEM, and there is no evidence of spherical
distortion. The only real distortion occurs when the size of the triangle is much larger
than the pixel size of the image. DEMs fall prey to the same problem. This distortion
can be minimized in the final image by increasing the resolution of the geodesic so that
the largest triangle is smaller than a pixel in the final image.
Figure 6 - Model of an ellipsoid created using the GEM.
GEM and MOLA Data
The spatial resolution of the MOLA data that were used to produce the GEM is much
higher than the resolution of the GEM itself. The vertical resolution of the MOLA data is
less than one meter and the spatial resolution is less than ten kilometers near the pole
(Smith et al. 1998, Smith et al. 1999). The MOLA data have an absolute vertical
accuracy of 1 meter with respect to the center of mass of Mars (Smith et al. 2000). The
shot-to-shot vertical precision is less than 37.5 cm (MOLA 2000). The accuracy of the
MOLA data is much less than the precision. The data are referenced to the center of
mass of Mars. This referencing requires knowledge of the exact position of the
spacecraft, with respect to Mars, which is difficult to acquire from an average distance of
360 million kilometers. The high precision results from an ability to detect differences of
less than half a meter between individual shots of the altimeter. The accuracy is limited
because we are only able to reference to within 1 meter of the true distance to the center
of mass of Mars. The grid of the GEM is resolved at approximately 457 square
kilometers, which is much more coarse than the spatial resolution of the raw MOLA data.
The MOLA data points were selected based on their spatial proximity to the grid vertices
in the GEM. The MOLA data were not corrected for the geoid of Mars. The data
included the latitude and longitude on the surface of Mars, and the distance from the
surface to the center of mass of Mars for each point.
Planets are often described geometrically as triaxial ellipsoids, having centers which do
not necessarily coincide with the centers of mass of the planets. The radii values of one
such ellipsoid are referenced to the center of the ellipsoid, which is offset from the center
of mass. For Mars this offset is about three kilometers is the z direction, and less than
that in the other directions (Smith et al. 1999). An ellipsoid is used rather than a sphere,
because it provides a better representation of the flattening of the planet. Flattening
effects insolation calculations because it affects the curvature of the planet and changes
the angle of incidence of the sun's rays. The GEM provides an even better geometrical
representation of the planet because it has several hundred thousand radii values. The
geometrical center of the GEM is not necessarily coincident with the center of mass of
the planet. All the radii values are referenced with respect to the center of mass because
this is the form of the raw MOLA data. It is more convenient to use the center of mass as
the reference point, because the axes of rotation run through the center of mass of the
planet. Figure 7 shows a schematic diagram of the different rotations that effect Mars.
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Figure 7 - Schematic diagram of the different rotations of Mars. 0 is the obliquity. R1 is the daily
rotation about the planetary axis. R2 is the yearly rotation of the pole axis with respect to the sun,
this occurs about an axis that is perpendicular to the orbital plane. The center of mass is labeled
COM. The center of figure of the ellipsoid is labeled COF. Not to scale.
Origin of the term 'Geodetic Elevation Model'
Prior to starting work on the GEM, I did a literature search for any models that have a
similar design. The search did not turn up any such models. After completing the
development of the GEM I found the following reference in a dictionary of mapping
terms:
"Geodetic Elevation Model of Planetary Relief- model of planetary relief
based on an octahedron (regular Platonic solid with eight equilateral
triangular faces) or an icosahedron (regular Platonic solid with twenty
equilateral triangular faces); the vertex of sets of Platonic solids can all
be embedded in the surface of a sphere and so can server as natural
tessellations of the sphere." (Arlinghaus 1994)
The above quote is the entire extent of the GEM discussion in that book, published in
1994. After reading the above quote, I chose to use the name 'geodetic elevation model'
for my model, as it is a very accurate description of the model. I have yet to find a single
other reference to the term 'geodetic elevation model'. There were very few computers
available in 1994 that would have been able adequately handle a GEM. It is my belief
that the GEM was developed in a theoretical form sometime before 1994, but for
whatever reason, it has not been implemented until now.
Implementation
There is no one right way to implement a GEM in software. My implementation relies
heavily on object-oriented design, pointers and recursion, partly because I have
experience using these techniques, and partly because I believe they are relevant to this
problem. There are many good object-oriented programming languages available,
including C++, Java and Small Talk. I chose C++ for my implementation because it is
the one I am most familiar with. This section does not assume knowledge of C++ in
particular, but does assume a general understanding of object-oriented design, pointers
and recursion. This section is meant as a guide to others wanting to implement their own
GEM, and can be skipped by most readers.
There are two important issues to keep in mind when implementing a GEM. The first is
that organizing the geodesic grid is not as simple as an ordinary square grid. In a square
grid each element can be uniquely and usefully identified by two indices (i.e. x and y),
this is not possible with a geodesic grid. Another thing to keep in mind is that the GEM
is going to be memory, not computationally, limited. If we take a GEM of the entire
Mars surface as an example, we see that the surface area is roughly 150 million square
kilometers. Even with a very poor of resolution of 100 square kilometers per grid
element, our grid will still have 1.5 million elements. If we assume that each triangle
data structure needs to hold nine coordinate values (three for each corner) at double
precision, plus an additional 24 bytes per triangle for overhead, then this low-resolution
model will need over 135 megabytes of RAM. A resolution of one square kilometer per
grid element would require 13.5 gigabytes of RAM. A good GEM implementation has to
be able handle both of these issues.
I will first tackle the organization issue, keeping the memory issue in mind throughout.
My organizational data structure is based on the fact that the geodesic grid comes from a
twenty-sided icosahedron (Figure 8). Higher resolutions are achieved by subdividing
each of the original twenty triangles into four smaller triangles (Figure 4), each of these
triangles are then subdivided themselves into four triangles, and so on. If we number
each of the original triangles 1 through 20, and each of the subsequent smaller triangles 1
through 4, then any triangle can be uniquely identified by the numbers of all the triangles
that contain it (i.e. 12-4-2-3-1-4-4-1-2). At first glance using nine indices to organize a
million element grid might seem cumbersome, but the use of recursion and pointers
actually allows this data structure to be quite elegant.
Figure 8 - Icosahedron (20 sided Platonic solid).
The main object' in my GEM is the geodesic object. The geodesic object contains
pointers to twenty triangle objects. Each triangle object contains the coordinates for each
of its vertices; if the triangle has been subdivided then it will also contain pointers to the
four sub-triangles. This recursion (triangle objects containing pointers to triangle objects)
will greatly ease the computational requirements of the program. It should be noted that
there is a significant memory cost to this method. A geodesic grid with 4 levels of
recursion will have 5120 grid elements (Table 1). Each of these grid elements is
represented in the program as a triangle object. Our program keeps track of all of the
larger triangles from the lower recursion levels, so we have 5120+1280+320+80+20 =
6820 triangle objects.
An 'object' is the object oriented term for a data structure and I will use them interchangeably. A data
structure is a mechanism for holding information and performing operations on that information. For
example, a circle data structure would have a variable to represent the radius of the circle and functions to
calculate the area and circumference of the circle.
Table 1 Count of faces and vertices for various recursion levels.
Recursion Level Totals Faces Lowest Level Faces Vertices
0 20 20 12
1 100 80 42
2 420 320 162
3 1700 1280 642
4 6820 5120 2562
5 27300 20480 10242
6 109220 81920 40962
7 436900 327680 163842
8 1747620 1310720 655362
Each triangle vertex requires three coordinates to identify its position in three-space, at
double precision this requires 24 bytes of memory. Each vertex on the geodesic grid is
common to six2 triangles, so the coordinate information in each vertex could end up using
144 bytes of memory3 . On a 1.3 million element grid there will be 655,362 vertices,
requiring over 94 megabytes of memory. Taking advantage of this redundancy can
greatly reduce the memory requirement of the program. We do this by introducing the
third object in this design, the node object. The primary purpose of the node object is to
hold the coordinate information of each vertex in the geodesic; other secondary features
of the node object will be discussed later. Instead of each triangle holding copies of the
coordinate information for each vertex (24 bytes per vertex per triangle), it will simply
hold a pointer to the node object that represents that vertex (4 bytes per vertex per
triangle). This reduces the memory requirements of the vertices from 94 megabytes to
31.5 (a factor of 3). The node object can hold the coordinate information in either
2 The majority of the vertices in the geodesic grid are common to 6 triangles, but some are only common to
5. This is a result of using the icosahedron as the basis of the geodesic. In general this should not have any
effect on the GEM.
3 In fact, if we use the recursive data structure to hold the geodesic grid, most of the vertices will have
many more than 6 common triangles because there will also be the upper level triangles that will share
some of the vertices.
spherical or Cartesian coordinates, it will be useful to have access to both types of data so
appropriate conversion functions should be written (Appendix A).
To review, we now have a single geodesic object that contains pointers to the 20 initial
triangles on the icosahedron (80 bytes) 4 . We have many triangle objects that each
contains 4 pointers to triangles and 3 pointers to nodes (28 bytes per triangle). And we
have many node objects, each containing 3 coordinate values that identify a point in
three-space (24 bytes per node). These three objects will be the primary data structures in
this design. Table 1 shows that there will always be many more triangles than nodes, so
where possible information should be stored in the node objects and not the triangle
objects.
Initialization
The recursive nature of this program requires a careful initialization procedure. The first
step is to decide how many levels of recursion (RI) are needed. This can be hardcoded
into the program or inputted by the user at startup. The next step is to create geodesic
object. It is beneficial at this point to also create the first 12 nodes. The initial
icosahedron has 12 vertices. The coordinates of these vertices are listed in appendix A
and should be hard coded into the program. The coordinates in appendix A are for an
icosahedron of radius 1.
Now that we have the geodesic and 12 nodes corresponding to the vertices of the
icosahedron, we should start creating the triangles. We will do this by looping through
each of the original 20 triangles in any order. Each triangle is assigned pointers to the
three appropriate node objects. Then we will subdivide this triangle and each successive
triangle until we reach the recursion level specified by R1. The initialization function for
the triangles is recursive; it creates the four smaller triangles and then calls itself for each
of these smaller triangles.
4 Each pointer requires 4 bytes of memory.
The process of subdividing a triangle is somewhat tricky. We want to create three new
nodes, one in the middle of each edge of the triangle. This is simple to do in Cartesian
coordinates by finding the point halfway between the two vertices that define the edge of
the triangle. Each edge on the geodesic is common to two triangles, so we will end up
trying to create each new node two times. If we are not careful we will end up with
overlapping nodes that will cause problems and take up additional memory (Figure 9).
One way to avoid overlapping nodes is to go through all the existing nodes, but this is
very computationally expensive. Instead each node will contain a list 5 of the nodes that
are next to it. When a new node J is created between nodes A and C (Figure 9), the
coordinates of node J will be compared to the coordinates of all the nodes that are in A
and C's list. If the coordinates match then the node J will be thrown away and the
existing node will be used. If the coordinates do not match, then node J will be added to
A and C's list, and A and C will be added to J's list. In the case illustrated in Figure 9,
J's coordinates match with those of node G, so J will be discarded. This method reduces
the number of nodes that need to be checked each time a new node is created, and
guarantees that we do not have any overlapping nodes. These lists of adjacent nodes are
only needed during the initialization phase and can be deleted afterwards to free up
memory. With the current design of our program there is no easy way to go through each
node one by one, we can allow for this by adding each node to a linked-list as it is
created. The order of the linked-list will not be particularly meaningful, but it will allow
us to go through each node one by one. This ability is important now because it allows
us to delete the lists of adjacent nodes, and it will be useful later on in the program as
well.
5 This can be implemented as a linked list of pointers to nodes. Each object in the linked list will contain
two pointers. One of the pointers will point to the next object in the linked list, the other object will point
to a node object.
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Figure 9 - Visual overview of the procedure for increasing the resolution by subdividing triangles.
The bottom left figure highlights the problem of overlapping nodes.
The last step in the initialization of the geodesic is to set the radius value of each node to
1. Now we have a fully initialized geodesic object with all of its corresponding triangle
and node objects, and we are ready to start incorporating the data.
Incorporating the Data
There are two steps to incorporating the data, which consists of a large number of points
in polar coordinates. The first step is to determine which triangle the data point should be
incorporated into. The second step is to decide what to do with the data point once we
have associated it with a triangle.
If we imagine a line drawn from the center of the geodesic to each data point, this line
will intersect exactly one triangle. We want to associate the data point with the
intersected triangle. To determine if the line intersects a particular triangle 'A' we first
project the point along the line into the plane that is defined by 'A'. We now have a point
and a triangle in the same plane. If the projected point lies within the triangle 'A', then
we want to associate the data point with 'A', otherwise we repeat the test for the next
triangle. Appendix A has detailed calculations for determining if a point lies within a
triangle. Performing this test on each triangle individually would be very time
consuming, so we will take advantage of the recursive nature of the program to speed
things up. The first step is to perform the test on the initial 20 triangles that are part of
the original icosahedron. Only one of these triangles will pass the test, we then take this
triangle and perform the test on the four triangles that subdivide this triangle. We keep
going through the triangles recursively until we reach the triangle that passes the test and
has no sub-triangles, this is the triangle that is associated with the data point (Figure 10).
Performing the test recursively reduces the worst-case scenario, for a geodesic with 8
levels of recursion, from 1.3 million tests to 52 tests.
Figure 10 - Outline of the process of associating a data point with a triangle. Start by looking at only
top-level triangles and then focus on the sub-triangles.
We now have all the data points associated with a particular triangle on the geodesic, and
we have to decide what to do with them. Our goal is to set the radius value of each node
such that it approximates the radius of Mars at that particular latitude and longitude.
Each node is surrounded by 5 or 6 triangles; each of these triangles will have a number of
data points associated with them. The data points in these triangles need to be averaged
together to produce a radius value for the node. The appropriate averaging technique will
depend on the particular application of the GEM. Some possible averaging techniques
include:
- Straight average of all the points
- Distance weighted average (with closer points being given a higher weighting)
- Using only the value of the data point closest to the node
I chose to use the last method. This method requires very little in the way of computation
and memory. It requires two new variables be added to the node object, a data-radius
variable and a min-distance variable. As each data point is incorporated into the geodesic
it is associated with a triangle. We then calculate the distance from the projected data
point to each node of the triangle; if this distance is less than min-distance then we update
the corresponding data-radius value. We are now finished with the data point and can
free up its memory. Once all of the data has been incorporated, the radius value of each
node is set to its data-radius, and we have a GEM that approximates the surface of Mars.
The coordinates of all the triangles can be written to a file that can be read by a rendering
program to produce an image of the GEM.
GEM Enhancements
The basic GEM takes planetary scale elevation data and produces a model of the planet.
There are a number of possible enhancements to the GEM that would make it more
useful for a wider range of problems.
The resolution of the model can be increased in specific areas of the planet to provide
more detail. This would be helpful if there was a particular region of interest or if the
quality of the data varied for different regions. The simplest way to do this is to use
higher R16 values for the triangles on the original icosahedron that contain the regions of
interest. There are only 20 triangles on the original icosahedron, so this may result in
large regions with a higher resolution than is required. Alternatively the lowest level
triangles in the region of interest can be further subdivided based on the coordinates of
their vertices. This second method is more complicated and computationally intensive,
but quite feasible. Regardless of the method, the edges between regions with different
resolutions will be jagged (Figure 11). This jaggedness can be removed by stipulating
that all points along the edge lie along the line defined by the points of the region with the
smaller Rl, this would however be very computationally intensive.
Figure 11 -The edge between a high-resolution region (left) and low resolution region (right) will be
jagged because some of the points along the edge will not be constrained to the surface (point circled
in red).
The data set does not need to be complete, so long as it covers the region of interest for
the problem. Radius values for nodes that are missing data can be interpolated from near
by points or given an average value. The rendering process can be speeded up by only
rendering those triangles that are in the region of interest, and relevant to the problem.
For example, in looking at north pole insolation levels, everything south of the equator
can safely be ignored.
6 This stands for Recursion level, see the Initialization section.
Rendering the GEM
I chose to use Java3D to render the GEM, but just about any graphics renderer would do.
Java3D is an extension to the Java programming language that adds 3D graphic
functionality. Java3D does not do ray tracing. The main difference between Java3D and
ray trace programs is that Java3D does not handle shadows, which are extraordinarily
computationally intensive. Java3D is able to render in real time images that would take a
ray trace program half an hour to render. I chose Java3D because it is fast and allows me
a lot of control over the model.
A false color is applied to the GEM as the triangles are read into Java3D (Figure 5). The
radius of each corner of each triangle is assigned a color from a color scale (Figure 12);
the color of the triangle is a gradient between these three colors (Figure 13). This
gradation of color produces much smoother color transitions.
Figure 12 - Color scale used to produce false color images from the GEM.
Figure 13 - The color of each triangle is a gradient between the colors of the three corners (in this
case: red, green, and blue).
For the purposes of calculating the polar insolation a simpler color scale is used. The
area covered by the northern ice cap is colored white and the rest of the planet is colored
black. The location of the northern ice cap is directly correlated to topography. Coloring
all of the triangles, above 80' north and with an average radius greater than 3,374.25 km,
white accomplishes this color differentiation.
In order to calculate solar insolation the GEM is rendered from the point of view of the
sun. There are three rotations involved in this rendering, two of which vary with time
(Figure 7). The first rotation is for the obliquity; for the purpose of this study we will use
values of 150, 250 and 450. The next rotation represents the daily rotation of the planet.
This rotation is about the axis of the planet, which has just been rotated to account for the
obliquity. The third rotation accounts for Mars' yearly revolution about the sun. The
direction of the axis of the planet changes as Mars moves in its orbit. During the northern
winter solstice the axis is pointing towards the sun, and during northern summer solstice
the axis points away from the sun. The eccentricity of Mars complicates matters because
the rate at which the pole axis rotates varies with time. This comes from Kepler's second
law. By incrementing the daily and yearly rotations, a movie of Mars over the course of
a year is produced.
Java3D produces an image by projecting the object onto an image plate as seen in Figure
15. Java3D then renders the image plate on the computer screen. When rendering the
Mars GEM, the eye position is at the sun. Since the eye is positioned sufficiently far
away from the GEM, the projector lines can be thought of as parallel. The process of
projecting a triangle onto the image plate changes the area of the triangle. The projected
area is smaller than the true surface area of the triangle, and lies normal to the solar rays.
This facilitates the calculation of true amount of solar radiation hitting the triangle
(Figure 14).
SUN
SUN
Figure 14 - Both surfaces receive the same amount of solar energy, but for surface A it is spread out
over a larger area.
object
eye position image plate
Figure 15 - Conceptual drawing of visual object, image plate and eye position. Taken from "Getting
Started with the Java3D API" Copyright Sun Microsystems 1999.
Some inaccuracy is introduced when the GEM is rendered into a pixilated image. There
are some pixels that contain both black and white triangles, but the pixel color can only
be black or white. Figure 16 shows an ellipse being rendered into a pixilated image. In
general, the color of each pixel is chosen by the color of the object that occupies most of
the space in the pixel. The actual process of choosing the color is performed by the video
card in the computer and will vary from one manufacturer to the next. This error results
from the finite resolution of the image. Increasing the resolution of the image can reduce
the error. As shown in Figure 16, the number of pixels on the edge of the ellipse grows
linearly with resolution, while the number of pixels inside the ellipse grows quadratically.
Hence the error, as a fraction of the total number of pixels representing the ellipse,
decreases linearly as resolution increases.
Figure 16 - An ellipse is rendered into a pixilated image. Each grid element represents one pixel.
The image on the left is the ellipse superimposed on the pixel grid, the image on the right is the ellipse
once it has been converted into pixels.
Results and Discussion
Insolation Calculation
A series of images of Mars were rendered from the vernal to the autumnal equinoxes,
which represents approximately 372 days. The daily rotation was incremented by 150 in
every frame, producing one full rotation every 24 frames. The yearly rotation was
incremented every 24 frames. For each frame, the number of white pixels (representing
the northern ice cap) were counted. These pixels counts were then converted into values
of visible surface area. This was combined with the solar constant and the varying
distance of Mars from the sun to calculate hourly values of polar insolation. This process
was repeated for obliquities of 150, 25' and 45o.
SA
I=
1 + e cos (p
Equation 1 - Equation for calculation the insolation over a given area.
Equation 1 is the insolation equation, where:
* S is the amount of energy produced by the sun,
* A is the surface area of the region of interest, projected onto a plane,
perpendicular to the sun,
* a is the semi-major axis of the planet's orbit,
* e is the eccentricity of the planet, and
* (p is solar anomaly.
Comparison To Ward's Results
Ward's 1974 results were based on a spherical planet. His results were derived
analytically for particular latitudes. I applied the GEM to a sphere with different
obliquities and produced comparable results. The GEM results calculate insolation over
a given area of the planet. A band on the GEM from 750 N to 85' N was used for the
insolation calculation and this was compared to Ward's calculations at 800 N. The GEM
results were scaled such that the peak insolation value for an obliquity of 250 was the
same as Ward's peak insolation value for 800 N and an obliquity of 250. The GEM
results for 150 and 350 were obtained and scaled by the same factor. The peak insolation
values were within 0.2% of Ward's results for these obliquities. Qualitatively, the plots
(Figure 17) strongly resemble Ward's 1974 plots (Figure 18).
Figure 17 - GEM results for obliquities of 150, 25' and 350 and a latitude range of 750 N to 850 N.
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Figure 18 - Ward results for obliquities of 150, 250 and 350. Insolation for latitudes of 0O through 900
are shown (Fig 11 from Ward 1974).
The recursion levels are varied in Figure 19. The insolation values converge at recursion
level 6. The results have been scaled by the same factor as the results in Figure 17. All
insolation results in this paper, aside from Figure 19, were produced at recursion level 7.
The recursion level at which the GEM converges is dependent on the resolution of the
image that is being rendered. As the image resolution increases, the recursion level must
increase as well. Increasing the resolution improves the accuracy of the results. The
appropriate resolution should be chosen based on the number of significant digits
required in the final results.
Average daily insolation at 80 degrees latitude for
a sphere with an obliquity of 25 degrees and a
circular orbit for various recursion levels.
0.5 - -Recursion level : :l,- : 3
Figure 19 - Insolation at a latitude range of 75°N to 85oN for a sphere with an obliquity of 25 for a
range of recursion levels. Results have converged to within 1% by recursion level 6.
Results
This study found that the local topography of the ice cap has a significant effect on the
insolation. Figure 20 shows the average daily northern ice cap insolation, for varying
obliquities, over the course of a Martian year. The ratios between the peak insolations
are similar to Ward's 1974 results. Previous models, including Ward's, did not take into
consideration the height of the ice cap above the surroundings. By incorporating the
height of the ice cap into the GEM, the number of days during which the ice cap receivessunlight increased from previous models. It is believed that previous models
underestimated the number of days that the ice cap was exposed to solar radiation. There
is some evidence that at 150 obliquity the ice cap may receive sunlight all year round.
Finer model spatial resolutions are required to verify this result. Current resolutions of
the model introduce small numerical errors that make it impossible to verify or disprove
this result. The hemispherical-scale depression does not seem to have an effect on the
amount of insolation on the ice cap, since the width of the depression is orders of
magnitude larger than the distance to the horizon.
magnitude larger than the distance to the horizon.
Figure 20 - Average daily north polar ice cap insolation calculations.
Figure 21 shows cumulative insolation over the course of a Martian year. Table 2 shows
peak and total insolation values for the various obliquities. It is interesting to note that
the ratio between 25' and 150 and between 450 and 250 is roughly 1.6 for both total and
peak insolation.
Table 2- Comparison of statistics for the different obliquities.
Obliquity Peak Insolation Total Insolation Days of Sunlight
(Degrees) (TJ/s) (Jxl0^21)
15 358.7 8.37 410
25 582.9 13.07 378
45 973.2 21.26 363
Figure 21 - Integrated polar ice insolation calculations.
Figure 22 shows the normalized daily variation in the insolation during the summer
solstice. At 150, the insolation varies by almost 20% of the average. This is because the
ice cap is asymmetric (See Figure 5), over the course of a Martian day the area of the ice
cap that is visible to the sun changes significantly.
Figure 22 - Normalized daily variations in the north polar insolation levels. Calculations are for the
northern summer solstice.
These results are based on the size and shape of the current ice cap. One of the effects of
the decreased insolation at 150 is that large amounts of CO2 and H20 would condense
onto the poles, thus increasing the volume and surface area of the ice cap and the amount
of insolation it receives. Leighton and Murray (1966) found that condensation of CO 2 at
the poles was sufficient to cause significant pressure changes in the Martian atmosphere.
The primary factors affecting condensation are pressure and temperature. The interaction
of these two factors determines the size of the ice cap. As the temperature drops from a
decrease in obliquity, CO2 and H20 will condense onto the ice cap. The condensation of
CO 2 and H20 has two effects. First it will lower the partial pressures of CO 2 and H20.
Secondly it will increase the size of the ice cap. Both of these effects act as a negative
feedback, decreasing the rate of condensation. Eventually the system will reach a state of
dynamic equilibrium, as the size of the cap varies throughout the year as a function of
insolation. This is currently the case on Mars, with the ice caps shrinking in the summer
and growing in the winter. During the northern summer some of the volatiles in the ice
evaporate and migrate to the south pole, the process is reversed during the southern
summer.
It is possible that for a sufficiently small obliquity that there would be no significant
seasonal cycling of volatiles. If the insolation dropped to the point that even during the
peak of summer the amount of energy was not sufficient to evaporate a significant
portion of the cap, then the seasonal cycling of volatiles would be negligible. To
determine when this would occur would require insolation values for the south pole
combined with a climatic model of Mars.
Future Work
The development of the GEM methodology opens up several areas in which this research
can be continued. The most obvious direction is to continue looking at the northern ice
cap, with higher resolutions, a wider range of obliquities and a varying eccentricity. This
would provide a more detailed characterization of north polar insolation during Mars'
past, and also answer the question of whether or not the ice cap receives sunlight all year
long at 150 obliquity. The next step would be to calculate insolation at the southern ice
cap. This is more labor intensive, as there is no correlation between topography and
visible ice in the south pole. This would require using photographs to identify areas in
the GEM with ice on a triangle by triangle basis.
The results of these insolation calculations should be used as the basis of a climatic
model of Mars. This would quantify the effect obliquity changes on the seasonal cycling
of volatiles.
The bottom of the Valles Marineris canyon system is another place where knowledge of
sunlight levels could prove insightful. The canyon system has a depth of up to eleven
kilometers in some areas; this results in a significantly higher air pressure at the bottom
of the canyon (Smith et al. 1999). It would be interesting to know how much sunlight
reaches these "high" pressure regions. A GEM would be useful here because the size of
the canyon is so large that the curvature of the planet is factor. There are some places
along the canyon where an observer standing on one side of the canyon cannot see the far
side of the canyon because it is over the horizon.
Conclusions
This study found that the local topography of the ice cap has a significant impact on the
amount of insolation that it receives and the length of time over which it is received.
These results suggest that at an obliquity of 15' the ice cap may have some sunlight all
year round. The hemispherical-scale depression does not effect the insolation levels of
the ice cap. More work is needed to fully quantify the obliquity effect on the climate.
The GEM is a useful scientific tool that is applicable to a range of problems beyond those
examined in this study. It provides an accurate visualization of the actual shape of the
planet, without the distortions caused by normal map projections. It is my hope that other
scientists will find the GEM a useful tool in furthering their research.
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Appendix A - Equations
Converting Between Cartesian and Polar Coordinates
X = Rcos(O)cos(p)
Y =R sin (O)cos(Op)
Z = Rsin ()
0 = tan-Y
X
S= tan X2+y 2
R= X +Y 2 +Z 2 )
Where (p is measured from the X-Y plane.
Initial Coordinates of the Vertices of an Icosahedron
(0,0,1)
(0,0,-1)
(0.866025404, 0.0, 0.5)
(0.267616567, 0.823639104, 0.5)
(-0.700629269, 0.50903696, 0.5)
(-0.700629269, -0.50903696, 0.5)
(0.267616567, -0.823639104, 0.5)
(0.700629269, 0.50903696, -0.5)
(-0.267616567, 0.823639104, -0.5)
(-0.866025404, 0.0, -0.5)
(-0.267616567, -0.823639104, -0.5)
(0.700629269, -0.50903696, -0.5)
Determining if a Point Lies inside a Triangle
Given the three points of the triangle we can derive the equation of the plane defined
by the triangle as:
Ax + By + Cz + D =0
Where:
A= y (z 2 - 3 )+ Y2 ( 3 - Z)+ Y 3( 1 -z 2 )
B = z, (x 2 -x 3 )+2 ( 3 - X)+ Z( - X 2 )
C = x(y 2 -3 )+2 (Y3 - Yl)+ (Yl - Y2)
D =-[xI (y2 3 - y3 2 )+ x2 (Y3Z1 -Yl3 )+ x3 (Y1 2 -Y 2 1)]
Now we use the equation
-D
(Ax + By + Cz)
Where:
x,y,z are the coordinates of our data point
u is the distance, along the line from the origin to the data point, at which the line
intersects the plane defined by the triangle
If u is negative it means the data point is on the other side of the GEM so it does not
lie within the triangle. If u is positive, then we set the radius of the data point to u and
we now have a point that is in the same plane as the triangle.
The next step is to go through each corner on the triangle in turn. For each corner we
draw a line from the point to the corner. We then use the following two equations to
see where that line crosses the edge defined by the other two corners of the triangle.
r (yi Yk XXp - Xk (Xi xk XYp - Yk
( x x yp - yk j yiXXp- k)
(Yi - YkXXj - Xi - i k XYj Yi
(Xi Xi XYp Yk)(Yj Yi Xp Xk
Where:
The variables with the i,j,k subscripts are the coordinates of the corners of the
triangle. The kh corner is the one being connected to the data point.
The variables with the p subscripts are the coordinates of the data point.
r is the distance from the i1 corner to the intersection point.
s is the distance from the k corner to the intersection point.
The point is inside the triangle if:
s>l
0<r<l
for all combinations of i,j and k.
